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A novel study for the exact solvability of relativistic quantum spectrum systems for extended Cornell 
potential is discussed used both Boopp’s shift method and standard perturbation theory in non-
commutativity three dimensional real space (NC-3DS), furthermore the exact corrections for the spectrum 
of studied potential was depended on infinitesimal parameter  and a new discreet quantum numbers and 
we have also found the corresponding noncommutative Hamiltonian. 
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During the last few years, a new scientific revolu-
tion appears a result of the productions of three fun-
damentals equations: Schrödinger, Klein-Gordon and 
Dirac, it’s well known, that the fundamental dynamical 
systems based essentially on the provisos’ equations  
[1-28]. Many physical effort has been produced to ex-
tended the previously study to the noncommutative 
spaces and phases to obtains a profound and a new 
applications [29-46]. The notions of noncommutativity 
of space and phase based essentially on Seiberg-Witten 
map and Boopp's shift method and the star product, 






    as [29-46]: 
 
            xgxfixgxfxgxf xx 
 
2
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Which allow us to obtaining the new non nulls 
commutator: 
 







The Boopp’s shift method will be apply in this work 
instead of solving the (NC-3DS) spaces with star prod-
uct, the Dirac equation and reduced Schrödinger equa-
tion will be treated by using directly the commutator, 
in addition to usual commutator on quantum mechan-
ics [29-46]: 
 
 ˆ ˆ,i j ijx x i     (3) 
 
The main goal of this work is to extend our study in 
reference [32] for the potential   2
b
V r ar cr
r
    into 
relativistic noncommutative three dimensional space 
on based to the two principal references [46,47] to dis-
cover the new spectrum and a possibility of obtain new 
applications to the modified extended Cornell potential 
   2ˆ ,is pert
b
V r ar cr V r
r
      in different fields. 
The rest of present search is organized as follows: 
In next section, we briefly review the Dirac equation 
with extended Cornell potential in three dimensional 
spaces. In section 3, we review and applying Boopp's 
shift method to derive: the deformed potential and cor-
responding relativistic noncommutative spin-orbital 
Hamiltonian. In section 4, we apply perturbation theo-
ry to find the spectrum for ground stat and first excited 
states corresponding spin-orbital operator. In next sec-
tion we deduce the spectrum produced automatically by 
the external magnetic field. In section 6, we resume the 
global spectrum for modified extended Cornell poten-
tial and we conclude the corresponding global non-
commutative Hamiltonian in (NC-3DS) in first order of 
infinitesimal parameter’  . Finally, the important 
found results and the conclusions are discussed in the 
last section. 
 
2. REVIEW THE DIRAC EQUATION FOR EX-
TENDED CORENELL POTENTIAL IN THREE 
DIMENSIONAL SPAPACES 
 
In this section, we shall review the eigenvalues and 
eignenfunctions for spherically symmetric for the po-
tential  V r [47]: 
 
   2
b
V r ar cr
r
    (4) 
 
Where a , b  and c  are arbitrary positive constants. 
The Dirac equation in the presence of a above Cornell 
potential [47]: 
 
        
1
P 1 , , , ,
2
m V r r E r      
 




Here m  denote to the quark  ,   and   u d s  mass and 
( ,  ) are the usual Dirac matrices, the spinor 
 
   

















and the radial functions 
(  u r ,  v r ) are obtained  by solving [47]: 






   
 
     
0
du r k
u r E m v r
dr r
dv r k




      
      
 (6) 
 
Where k  is related to the total angular momentum 
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The two parts of eq. (6) permuted to obtain the reduced 









d u r k k











E m    and  1
1
2
E m   . On based to 
two references [47, 48], the radial wave function 











u r C r e r r e
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 (9) 
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   (10) 
 
Here 0r  is a characteristic radius of the meson. The 
technique of Nikiforov-Uvarov allows us to obtain the 



































For the ground state and the first existed states, the 
corresponding radial function  0ku r  and  1ku r , re-




















u r C r e
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         
 (12) 
 
Then, the complete normalized wave functions and 
corresponding energies for the ground state and the 
first existed states, respectively: 
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 and 2 2A  . 
 
3. NON-COMMUTATIVE RELATIVISTIC HAM-
ILTONIAN FOR EXTENDED MODIFIED 
CORNELL POTENTIAL 
 
    2ˆ ,pert
b
V r ar cr V r
r
     :  
 
3.1 Formalism of Boopp’s Shift 
 
Know, we shall review some fundamental principles 
of the quantum non-commutative Dirac equation which 
resumed in the following steps for modified potential 








ˆ ˆ ˆNC-Hamiltonian: ,
Ordinary complex wave function:
NC-complex-spinor:
Ordinary energy:E :
















Which allow us to writing the noncommutative Dirac 
equation as follows: 
 
      ˆ ˆ ˆ,i i ncH p x r E r    (15) 
 
The Boopp’s shift method permutes to reduce the above 
equation to simplest the form: 
 
      3 ˆ ˆ,nc is i i nc isH p x r E r    (16) 
 
The new modified Hamiltonian  ˆ ˆ,nc i iH p x  defined 
as a function of ˆix  and ˆ ip : 
 
      3
1
ˆ ˆ ˆ, P 1
2
nc is i iH p x m V r        (17) 
 
And the modified extended Cornell potential  ˆV r : 




   2ˆ ˆ ˆ
ˆis
b
V r ar cr
r
    (18) 
 





i i jx x p

   (19) 
 
On based to our references [31-42], we can write the 
operator 2rˆ  in noncommutative three dimensional 
spaces as follows: 
 
 2 2ˆ  r r  L  (20) 
 




. After straightforward calculations one can 
























Which allow us to writing the studied potential  ˆV r in 
(NC-3DS) spaces as follows: 
 
    2ˆ ,m pert
c
V r ar br V r
r
      (22) 
 
It’s clearly that, the first 3-terms in eq. (22) represent 
the ordinary extended Cornell potential while the rest 
term is produced by the deformation of space. The 
global perturbative potential operators  ,pertV r   for 
studied potential in both (NC-3DS) spaces will be writ-
ten as: 
 





     
 
L  (23) 
 
4. THE RELATIVISTIC SPIN-ORBITAL NON-
COMMUTATIVE HAMILTONIAN FOR EX-
TENDED CORNELL POTENTIAL 
 
We replace L  by 2 SL  to obtain the new forms 
of  pert ,H r   for extended Cornell potential  ˆV r : 
 
  pert 3, , 2 22
c b




     
 





S   denote the spin of a fermionic particle; it’s 
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rr
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S and )zs  formed complete 
basis on quantum mechanics, then the operator 
2 2 2
J L S   
 




( 1) ( 1)
2 2 4
k l l l l
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j l   respectively [31-42]. Then, one can form a diago-
nal matrix  , ,soH r p   of order  3 3 , with non-null ele-
ments  
11so
H ,  
22so
H and  
33so










if :  spin up
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H k a j l
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After profound straightforward calculation, one can 
show that, the radial functions  u r and  v r  are satis-
fying the following differential equation, in (NC-3DS) 
for modified extended Cornell potential  ˆV r : 
 
 
   
 






u r E m v r
dr r
dv r k




      
        
(27) 
 
The two parts of eq. (25) permuted to obtain the re-
duced Schrödinger equation: 
 
 





d u r k k








4.1 The Exact Spin-orbital Spectra for Funda-
mental States Produced by Modified  
Extended Cornell Potential in (NC:3DS): 
 
The modifications to the energy levels for funda-
mental states u0E  and d0E  for spin up and spin down, 
respectively, at first order of the parameter   obtained 
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 is incomplete Gamma function, 




it’s evidently, that the first term, the second term and 
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Thus, the modifications to the energy levels for fun-
damental states uE  and dE  for spin up and spin down, 








d0 0k oE C k L   (35.b) 
 
Where the factor oL  is determined by: 
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   
      
    
 (36) 
 
The noncommutative energy 0NCE  of the funda-
mental state is the sum of obtained above correction 
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    
 
     
  
    

    
 (37) 
 
4.2 The Exact Spin-orbital Spectra for First  
Excited States Produced by Modified  
Extended Cornell Potential in (NC:3D- RS) 
 
Now, we turn to the modifications to the energy lev-
els for first excited states u1E  and d1E  corresponding 
spin up and spin down, respectively, at first order of 
two parameter  , which obtained by applying the 
standard perturbation theory: 
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E C k T

   (39.b) 
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It’s evidently, that the three parameters of every 
term, in the Eqs. (40.a, b, c) are corresponding the 
values:  
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respectively, then, by applying the previously special 
















































































































































































































Thus, the modifications to the energy levels for funda-
mental states u1E  and d1E  for spin up and spin   down, 








d1 0 1kE C k L   (42.b) 
 
Where the factor 1L is given by: 
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Thus, the noncommutative energy 1NCE  of the first 
excited states is the sum of obtained above correction 
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    
 
     
  
    

    
.(44) 
 
5. THE EXACT RELATIVISTIC MAGNETIC 
SPECTRUM MODIFICATIOBS FOR EXTEND-
ED MODIFIED CORNELL POTENTIAL  rV ˆ  






On another hand, it’s possible to found another au-
tomatically symmetry for modified potential  ˆV r  re-
lated to the influence of an external uniform magnetic 
field, it’s deduced by the following replacements: 
 
     B  (45) 
 
Here   is infinitesimal real proportional’ constants and 
we choose the magnetic field  B Bk , and then we can 
make the following translation: 
 
 
3 32 22 2
z
c b c b
a BL a BL
r rr r

   
        
   
 (46) 
 
Which allow us to introduce the new relativistic modi-
fied magnetic Hamiltonian rmH  in noncommutative 
three dimensional spaces as: 
 
  3 22rm
c b








Here  SB  denote to the ordinary Hamiltonian of 
Zeeman Effect. To obtain the exact relativistic non-
commutative magnetic modifications of energy ( mag-0E , 
mag-1E ) for modified extended Cornell potential  ˆV r , 
we replace: k  and   in the Eqs.(35.a) and (42.a) by 








mag-1 1 1kE C BmL   (48.b) 
 
Where mag-0isE  and mag-1isE  are the exact magnetic 
modifications of spectrum corresponding the funda-
mental states and first excited states, respectively 
and l m l    . 
 
6. THE EXACT RELATIVISTIC EXTENDED 
MODIFIED ENERGY OF THE LOWEST EXCI-
TATIONS SPECTRUM FOR EXTENDED MOD-
IFIED CORNELL POTENTIAL  ˆV r  IN  
(NC: 3DS) 
 
The total modified energies 0NCE  ( nc u0E – nc  d0E ) and 
1NCE  ( nc u1E – nc  d1E ) of a fermionic particle with spin up 
and spin down corresponding fundamental states and 
first excited states, respectively, for modified potential 
 ˆV r  in (NC: 3DS) are determined on based to the Eqs. 
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 
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  
      

      
(49.b) 
 
The quantum number m  can be takes ( 2 1l  ) val-
ues and we have also two values for
1
2
j l  , thus eve-
ry state in usually three dimensional space of modified 
extended Cornell potential  ˆV r  will be in (NC: 3DS): 
 4 2 1l   sub-states. It’s clearly, that the obtained ei-
genvalues of energies are real’s and then the noncom-
mutative diagonal Hamiltonian ncH  is Hermitian. Re-
garding the previous obtained results, we can deduce 
the global diagonal noncommutative Hamiltonian ma-
trix ncH  of order  3 3 , with elements  11ncH , 
 
22nc
H and  
33com
H  in (NC-3DS):  
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Which allow us to deduce the spectra 0NCE  ( nc u0E –
nc  d0E ) and 1NCE  ( nc u1E – nc  d1E ) of anti 
quarks  ,   and   u d s . 
Know for spin 1/ 2s  , we have l s j l s    , 
then the values of  , ,k j l s will be taking new form    
 12 ( 1) ( 1) ( 1)j j l l s s     , which allow us obtaining 
the two extremely values of spectrum 0NCE  and 
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Thus, every old state, in ordinary three dimensional 
spaces, will be replaced by  2 ( 1) 2 1j j l  sub-states. 
Finally, we can write the new noncommutative Hamil-
tonian operator ncH   for extended modified Cornell 
potential in (NC-3DS):  
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In this recent work, we have obtained exact degen-
erated bound state solution in noncommutative three 
dimensional spaces by applying perturbation theory 
and Boopp’s Shift method instead to solving Dirac 
equation directly with star product for extended modi-
fied Cornell potential    2ˆ ,pert
b
V r ar cr V r
r
     . 
We showed the obtained degenerated spectrum for the 
extended modified Cornell potential can described the 
family quarks and anti-quarks  ,   and   u d s  and 
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